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LIQUID CRYSTALS, 1996, VOL. 21, No. 3, 397413 

Structure of surface-stabilized antiferroelectric liquid crystals cells 
by J. SABATER and J. M. OTON* 

Dept. Tecnologia Fotbnica, ETSI Telecommunicacibn, Ciudad Universitaria, 
E-28040 Madrid, Spain 

(Received 22 March 1996; accepted 22 April 1996) 

A comprehensive expression describing the director profile and energy parameters of surface- 
stabilized antiferroelectric liquid crystals has been derived. The expression is based on a 
previously developed ferroelectric liquid crystal model in which two contiguous smectic layers 
have been simultaneously computed. The antiferroelectric behaviour is mathematically 
described as an additional energy term relating these layers to each other through a coupling 
constant. The new energy term gives significant differences in the material behaviour, as 
compared with the ferroelectric phase. Electrically induced antiferroelectric-ferroelectric phase 
transitions are predicted as well. The effect of every term on the general expression has been 
analyzed. Comparisons with ferroelectric results are also included. 

1. Introduction 
The bistable fast switching shown by surface-stabilized 

ferroelectric liquid crystals [ 11 has attracted interest 
from both the basic and practical point of view [Z], for 
these materials could be employed for manufacturing 
electro-optical devices provided with intrinsic memory. 
This feature is specially important in multiplexed dis- 
plays, where the liquid crystal's intrinsic memory avoids 
the use of complicated external electronics, such as active 
matrices of thin film transistors. Soon it was realized 
that bistability, being itself a clear advantage for multi- 
plex driving, precludes however the generation of inter- 
mediate optical transmission states, i.e. grey levels, which 
are necessary for many display applications including 
TV and computer screens. 

An antiferroelectric liquid crystal (AFLC) phase [ 31 
was discovered as a result of the anomalous tristable 
switching [4] shown by some ferroelectric liquid crystals. 
Surface-stabilized AFLCs can be electrically switched to 
two opposite ferroelectric states [ 51. The interest in 
these materials has been enhanced by the recent demon- 
stration [6] of grey levels in an AFLC display with 
crossed polarizers oriented with the antiferroelectric 
director (i.e. the rubbing direction). Although some 
simplified expressions have been proposed [ 71, an accur- 
ate mechanism describing the generation of grey levels 
has not yet been presented. This is due in part to the 
lack of a comprehensive model describing the director 
profile along the AFLC cell, and the relative contribu- 
tions of the different energy terms to the overall energy 

*Author for correspondence. 

of the system. Surface-stabilized structures are usually 
far more complex than originally proposed [ 81. The 
bookshclf structure of smectic layers is seldom obtained, 
symmetric and asymmetric chevron structures [ 91 con- 
stituting the most usual configuration. This complexity 
has so far permitted only a limited understanding of 
their physical properties. In recent work [lo], a non- 
simplified expression for surface-stabilized ferroelectric 
liquid crystals was presented. A single smectic layer was 
used in this case for solving the system. 

In this work, a general expression for surface-stabilized 
AFLCs is presented and solved. As in the previous work, 
no simplifications have been introduced, except in those 
cases where non-relevant improvements in accuracy lead 
the complexity of the expressions beyond practical com- 
putation analysis. In the solution of an AFLC case, two 
contiguous layers must be considered, since their profiles 
are inter-related through a coupling energy. This 
interlayer coupling, which ultimately dictates the forma- 
tion of either ferroelectric or antiferroelectric phases, will 
be extensively analyzed in this work. 

2. System geometry 
The geometrical reference system shown in figure 1 is 

employed. A chevron structure is assumed. The chevron 
'kink' is rounded up, i.e. it is not a discontinuity. The 
angles used for defining the basic unit vectors are also 
included. As the antiferroelectric model needs two layers 
for its formulation, every vector related to the position 
of a molecule is defined twice: one for each layer. The 
subscript i, whose possible values are 1 and 2, is used 
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Figure 1 .  System geometry. 
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Figure 2. Typical solution for an AFLC system. (u) and (b) are both for azimuthal angles; ( r )  is for the layer angle; ( d )  is for the 
internal voltage. The symmetry of the functions is determined by the set of parameters. 

for referring to each layer. The following unit vectors 
are defined: 

p, secondary axes of the dielectric tensors, 
b, primary axes of the dielectric tensors. 

a perpendicular to the smectic layer, These vectors are expressed in terms of four angles: yl .  
c, director projection on both smectic layers, y 2 ,  6 and 0. The first two are the azimuthal angles of 
n, molecular directors, and tertiary axes of the the directors in each layer; the third is the layer angle 

dielectric tensors. and the fourth is the molecular tilt angle. The expressions 
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Figure 3. Energy densities in the AFLC cell. (a) is the interlayer coupling energy; (b) is the elastic energy density; (c) is the layer 
compression density; ( d )  and (e) show the interaction of the electric field with the spontaneous polarization and the dielectric 
tensor, respectively; ( f )  shows the sum of the previous contributions. Note that the energy concentrates on the surfaces and 
on the chevron kink. 
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Figure 4. Electric parameters in the same AFLC cell as in figure 3. (a) polarization charge along the cell; (b) internal electric field. 
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7 -. 

Figure 5. Evolution o f  the equilibrium prolile of already switched molecules with increasing applied voltage. The central 
fluctuation is due to interlayer coupling. 

for thesc vectors are: 

a = [sin 6,0, cos 61 

ni = [-sin 8 sin ‘pi cos 6 
(1) 

+ cos 0 sin 6, sin 6, cos pi, sin 0 sin y ,  sin 6 

+ cos 0 cos S] 

pi = [- cos qi cos (’5, - sin q i >  cos yi sin 61 

hi = [- cos 0 sin ‘pi cos 6 

( 2 )  

(3) 

(4) 

- sin H sin 6,  cos H cos pi, cos 0 sin pi sin 6 

- sin H cos h ]  

c, = [-sin y i  cos 0, cos pi.  sin y i  sin S] ( 5 )  
Only variations along the normal to the cell plates, 

i.e. along the x-axis, are studied. Moreover, the molecular 
tilt B is assumed to be constant. This is required to keep 
the mathematical system within reasonable computation 
limits. Moreover; actual variations of the molecular tilt 
haw only a small influence on the accuracy of the system 
resolution. Indeed, tilt variations are significant only at 
the cell surfaces-where layers maintain the S, spacing 
and thercfore 0 equals zero-and at the chevron ‘kink’ 
where a rapid variation of the layer angle is present, 
unless a layer discontinuity is accepted. The thickness 
of these regions is very small compared to the cell 

thickness. Tilt variations affect limited areas of the 
compression cnergy density, and have negligible effects 
on the interlayer coupling. 

3. Energy description 
Director profiles are calculated by minimizing the 

total system energy. In a surface-stabilized AFLC, this 
energy is the sum of four contributions: antiferroclcctric 
coupling energy, bulk elastic energy, volume electric 
energy, and surface energy. The last thrce contributions 
are similar to the homologous terms in surface-stabilized 
ferroelectric liquid crystals. External voltages applied to 
the system, if any, are included in the volume electric 
energy contribution. 

The coupling energy relates the relative orientation of 
the directors in two contiguous layers. The term includes 
a coupling constant whose sign determines whether the 
material tends to be ferroelectric or antiferroelectric in 
the absence of external fields. 

The elastic energy calculation is very complex [ 11 1. 
Expressions involving more than thirty elastic constants 
can be found [ 121. These expressions cannot be reliably 
computed; moreover, no experimental values of these 
constants for any material are known. Physically 
meaningful simplified expressions of elastic energy 
contributions have been proposed [ 131. 

Evaluation of volume electric energy is relatively 
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Figure 6. Complete solutions for an AFLC cell for different applied voltages: V, = 0 V, V, = 0.4 V and V3 = 1.5 V. (a) shows 
switching of the first azimuthal angle; (b )  shows fluctuation of the second azimuthal angle; in (c).  there is no layer angle profile 
variation. The abrupt change in the internal voltage profiles represented in ( d )  is a characteristic of AFLCs. 

simple. An exact expression depending on four constants 
can be formulated [14]. These constants are related to 
the three components of the dielectric tensor and the 
spontaneous polarization, respectively [ 151. 

Many expressions for surface energy have been pro- 
posed [ 16-18]. Accurate expressions must take into 
account the molecular pretilt at the surfaces, the presence 
and angular variation of two (symmetric or asymmetric) 
minima, and the height of the potential barrier between 
these minima. The formulation of each surface (up and 
down) must be separately done allowing the surface 
energy to be different at each plate. 

3.1. AntSferroelectric coupling energy 
This energy defines the coupling found between adja- 

cent smectic layers. There are two possibilities: in an 
ideal ferroelectric, the energy minimizes when the molec- 
ules of contiguous layers are located in the same point 
of the smectic cone; on the contrary in an ideal antiferro- 
electric, adjacent molecules tend to be diametrically 

opposed to each other. The expression of this energy, L, 
in a two layers model [19] is: 

f, = KJP, P2) = K,P? cos (PI - P2) (6) 
The coupling constant K ,  determines whether the 

material is ferroelectric ( K ,  < 0) or antiferroelectric 
(K ,  > 0). As seen in equation ( 6 ) ,  f, is independent of 
the molecular tilt 0. 

3.2. Bulk elastic energy 
The formulation proposed by Nakagawa [ 171 is used. 

The vectorial formulation of the bulk elastic energy 
density, felas, is: 

A B 2  
felas = - (V * a)z + - C [(V - 2 2 i=1 

+ (V x ci)”] 

2 2 
- C (V-  a)(V- ci) - D (ci * V x ci) 

i = 1  i = l  +“(““q 
2 COS& 

( 7 )  
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Figure 7. Total system energy as a function of K ,  for antiferroelectric ( 1 )  and ferroelectric (2) configurations. No difference is 

found in the central part of the x-axis. The ferroelectric configuration is more stable if K,<O, and the antiferroelectric 
configuration is more stable if K ,  > 0. 

This equation is similar to the corresponding energy 
of a ferroelectric, but some terms have to be duplicated 
here to account for both smectic layers. The A-term 
dewribes the layer deformation energy, the B-term is the 
energy of molecular rotation inside the layer, the C-term 
relates the two previous terms, the D-term is the chiral 
energy and the L-term is the layer compression energy. 
A, B, C, and D are elastic constants, L is the compression 
modulus and 6, is the equilibrium layer tilt angle. This 
formulation of the compression energy assumes a con- 
stant molecular tilt angle through the cell. If tilt angle 
variations were to be considered, the L-term would 
be substituted; the new expression would then take 
into account the most favourable 8 value and the 6-8 
coupling at every point. 

Substituting the expressions of the vectors in equation 
( 7 ) ,  the following expression is obtained: 

A B 2  C 2 

f elas = ( -c0s2h+-  2 j = 1  2 sin2q,--sin2h 2 L=1 C sinq, 

D 2 + - cos s ( sin 2q i )  6, + D sin 6 1 q,., 
2 i = l  

The subscript x means derivative with respect to x. The 
double subscript i, Y is used in derivatives of q1 and q2. 

3.3. Electric energy 
The electric energy has two main contributions, one 

due to the interaction of the spontaneous polarizations 
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Structure of SSAFLC cells 403 

Figure 8. Evolution of the first azimuthal angle with increasing K , .  The azimuthal profiles tend to flatten as the interlayer 
coupling increases. 

of both layers and the electric field, and the other due 
to the interaction of the dielectric tensors of both layers 
and the electric field. As the spontaneous polarization 
itself induces an internal voltage, these terms are 
non-zero even without an external applied field. 

The spontaneous polarization term, fpol, is: 

fpol= ps cos 6 ( $, cos pi) V ,  (9) 

where the function I/ is the voltage in each point of 
the cell. 

The components of the dielectric tensors are: 

( E j k ) i  = E l b j b k  + E Z P ~ P ~  + ~ 3 n j n k  (10) 

where E ~ ,  E ~ ,  and E~ are the tensor diagonal components. 
The electric field is taken to be vertical; therefore, the 
dielectric energy, hie,, is: 

1 
f - _ -  

die1 - 2 &11 V,2 
Substituting ell:  

1 2  
fdiel = - - [&I + 6& cos2 6 cos2 Vi 

2 i = l  

+ A~(cos 8 sin 6 - sin 8 sin qi cos V? ( 12) 

where AE and 6~ are the dielectric anisotropy and 
biaxiality, respectively, defined as: 

& = E j  - &I 6& = &2 - E l  (13) 

3.4. Surface energy 
The surface energy formulation from Nakagawa [ 171 

is used. The surface energy contributions at the upper 
plate are ,fupl and fuPz and at the lower plate are fdnl 

and fdn2. Subscripts 1 and 2 correspond to p1 and p2 
respectively. The expression of this energy at each plate 
for each director is: 

2 Vi - Pup 

2 

2 

+(1- 

where g is the magnitude of the surface energy, c is the 
function symmetry at 4 2 ,  a is the slope of the potential 
barrier, and Vdn and qUp are the stable azimuthal angles 
at each surface, which depend on the tilt angle and the 
surface pretilt. This expression is obviously identical to 
the ferroelectric expression. 

4. Euler-Lagrange equations 
Once all the energies involved in the system under 

study are formulated, the Euler-Lagrange equations 
describing the minimum energy states of the system may 
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K,, = 1OYNm3 C-2  and K,, = 10'"Nm3 C-'. The azimuthal angles (a)  and (h) flatten with increasing K,; the layer angle 
distribution (c) remains unchanged; the internal voltage ( d )  shows a complex variation as a result of several simultaneous 
interactions. 

Figure 9. 

be derived. The total bulk energy density, f vo l ,  is: 

The Euler-Lagrange equations are derived in terms of 
four functions: y l ,  y 2 ,  6 and V; their expressions are: 

(17) 

After some algebraic simplification the following coupled 
set of four second order differential equations is obtained: 

C'cos26siny16,yl,, -  BY^,,^ 

S< 
+(Csin26cosp, + Bsin2pl)- 2 

- 2 0  cos 8 sin' pl 6, - C cos' 6 cos pl 6,, 

-P,siny,cos61/,-K,P%sin(y, - y 2 )  

+ [" sin 20 sin 26 cos ql 
4 

cos'6 sin 2y ,  V ;  = 0 1 ( i j ~  - A€ sin' 0) 
2 

+ 
C cos' (3 sin y2~S,y2,.r - By2,*, 

6 2  

+(Csin26cosp2 + Bsin2y2)? 
2 

2 0  cos 6 sin' y2dX - C cos2 6 cos yz8xX 

P, sin y 2  cos S V ,  + Kp P i  sin (yl - y 2 )  

cos2 6 sin 2y2 V: = O 1 (66; - Ax sin' 0 )  
2 + 
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Figure 10. Total system energy as a function of applied voltage for three configurations: ferroelectric UP (l), antiferroelectric (2) 
and ferroelectric DN (3) .  The AFLC phase is more stable at low voltage. Beyond two definite thresholds, the ferroelectric 
phase becomes more stable. 

2 2 2 2 sin 26 
A& sin 20 sin pi + (2% - A& sin’ 0) 1 cos’ pi) Ps C sin pi cos Syi,, + P, 2 cos pi sin 6 6, 

2 i = l  i = l  i = l  

2 
sin pip:, - 1 cos yiyi,,, 

i = l  i = l  

2 

i =  1 

(A& sin’ 8 - 6 ~ )  cos’ 6 sin’ pi 
i = l  

sin 26 sin 20 cos yi  

2 

A& 
2 

-- 

(A& sin2 0 - 6s) C cos2 pi 
i = l  

2 
- A8 sin 20 C sin (oi + ~ A E  cos 28 

i = l  

2 

(2C sin 26 cos pi - B sin 2yi)pi,, 
i =  1 

2~~ - (A6 sin’ 0 - 6t;) cos2 6 1 cos2 yi 
i = l  

2 D + 2Dcos 6 c (sin2yipi,,) + - sin6 
i = l  2 

- 
2 2 

-AcosZ6-B c sin2pi+Csin26 C sinpi 
i = l  i = l  

A& 2 
-sin2esin26 c sinpi 
2 i = l  

L(cos2 6, - COS’ 6) 
tan6 = 0 

C O S ~  6 C O S ~  6, 
+ 2  + ~AE(COS’ 8 + C O S ~  6 ~ 2 COS’ 8 60s’ 6) V,, = 0 (21) 1 (20) 
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Figure 11. Total system energy as a function of K ,  and of the applied voltage for an AFLC configuration. The grid points are 
not shown where the configuration is not stable. 

Figure 12. Total system energy as a function of K ,  and of the applied voltage for a ferroelectric configuration. 
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Figure 13. Phase diagram for a material exhibiting an AFLC phase as a function of K ,  and of the applied voltage. 

Figure 14. Evolution of the internal voltage in a ferroelectric with increasing spontaneous polarization. 
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0- .-. 
Figure 15. Evolution of the internal voltage in an antiferroelectric with increasing spontaneous polarization. The graph shows 

the low P, part of the surface. 

Figure 16. Evolution of the internal voltage in an antiferroelectric with increasing spontaneous polarization. The graph shows 
the high P, part of the surface. 

5. Boundary conditions 
Finally. appropriate boundary conditions for y l ,  p2, 

6,  and I/ must be formulated. Boundary conditions for 
voltage are fixed by the voltage difference between the 

plates. The boundary values for 6 at the surfaces are 
taken equal to the molecular pretilt. Finally, boundary 
conditions for the azimuthal angles ‘pl and y 2  are derived 
from the interaction of surface cnergy, fsur,, and volume 
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Figure 17. Complete solutions for AFLCs with different spontaneous polarizations: PSI = 2nCcm-2,  Psz = .5r1Ccm-~, PB3 = 
9 nC cm ~ *, Ps4 = 17 nC cm and Pss = 40 nC cm -’. The azimuthal angles (a) and (b)  get flatter as the spontaneous polarization 
grows; the layer angle distribution (c) remains unchanged; the internal voltage ( d )  shows a complex variation as seen in figures 
15 and 16. 

Figure 18. Evolution of the AFLC laye angle distribution as the elastic constant A increases. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
8
:
5
3
 
2
6
 
J
a
n
u
a
r
y
 
2
0
1
1



410 J. Sabater and J. M. Oton 

energy density: 

Opposite signs apply to each plate. Top plate boundary 
conditions for both azimuthal angles (i = 1,2) are: 

2 2 

x exp(--xcos2-)] 2 

+ C cos2 6 cos qi6, + D sin 6 + 
whereas bottom plate conditions are: 

= 0 (23) 

(‘dn a 2 Pi - ydn 
- 6 1 - __ sin(yi - ydn) exp ( - a  sin ~ 

2 2 2 

x ap( -Ecos.”””-)] - 3 

Ccos2 6 cosyi6, - D sin6 - = 0 (24) 

6. Problem solution 
The numerical resolution of the proposed coupled set 

of four second order differential equations with boundary 
conditions in both sides of the solution space has been 
achieved by relaxation methods [20]. In these methods, 
the differential equations are reduced to difference equa- 
tions and a set of linear equations is obtained. The result 
is a grid of values of the desired functions. The grid 
must be dense enough for the approximations introduced 
when transforming differential equations into difference 
equations to hold. There is ultimately a trade off between 
the number of points taken in the grid, and the required 
computing resources. In this case, 100 to 300 points 
were needed. 

Relaxation methods, although very powerful, are 
difficult to manage, because they usually have conver- 
gence problems for many reasons: soft boundary condi- 
tions, high number of equations and, above all, deficient 
initial guesses for starting the iterative process. In this 
work, initial guesses have been obtained from the former 
ferroelectric model. 

7. Results and discussion 
A default set of parameter values was chosen; para- 

meter variation studies were performed keeping constant 
the remaining parameters. The default set is: A = 10pN; 

B = 1 pN; C = 1 pN; D = 1 pNm-’; L = 25000Jm-3; 
P, = 50 nC cm-’; 0 = 22.5”; (3, = 20“; d = 2 pm; K ,  = 
100 MNm3 Cp2; A& = - 0.5; 6& = 0.2; E ,  = 1.5: g,, = 

18-. The values of the elastic constants and the compres- 
sion modulus have been chosen within the ranges 
currently employed in the literature. The tilt and layer 
angles, dielectric constants, cell thickness. and surface 
energy constants have been selected to be similar to 
values used for ferroelectric liquid crystals. A moderate 
value of K ,  has been chosen, so that it would not mask 
the variations of other parameters. 

The effect of every parameter was studied. The most 
relevant results are shown below. Special attention is 
paid to those results which are significantly different for 
ferroclectrics and antiferroelectrics. 

gdn  = 50 pN m Cup = Cdn = 0.5; G! = 5; yUp = 162L; In,,, 

7.1. Default set solutions 
The solution of this problem is a set of eight functions 

defined along the cell: yl ,  y2 ,  6 and V,  and their 
derivatives. Only the first four functions are presented. 
Figure 2 shows a typical solution, which corresponds to 
the default values used. Although only one additional 
term is included in the AFLC model, remarkable differ- 
ences are found when comparing these functions to those 
obtained from the ferroelectric model. p1 and y2 tend to 
be opposite because of their coupling, but they do not 
succeed because K ,  is moderate, and cannot overcome 
the effect of other energy contributions. On the other 
hand, the shape of the internal voltage (figure 2(d)) is 
completely different: in the present case, where the 
surface conditions are symmetrical, the internal voltage 
is symmetric both in the ferroelectric and in the antiferro- 
electric model, but ferroelectrics give a point symmetry, 
whereas antiferroelectrics give a line symmetry. 
Moreover, the internal voltage in the absencc of an 
external field is several orders of magnitude lower in 
antiferroelectrics than in ferroelectrics. The layer angle 
distribution (figure 2 (c)) is the only function that remains 
fairly constant from ferroelectrics to AFLCs. Variations 
of the layer angle near the plates are due to the surfaces. 
The rapid variation at the middle of the cell corresponds 
to chevron ‘kink’. These features propagate to the 
remaining functions, yl ,  y 2 ,  and I/. All these functions 
are continuous nonetheless. 

Starting with these basic functions it is possible to 
study many other aspects of the antiferroelectric cell. 
For instance, figure 3 shows energy density distributions 
and figure 4 relates to the polarization charge density 
and the internal electric field. It should bc noted that 
the features of these figures would be smoothed if 
coupling between the layer angle and the tilt angle were 
allowed, i.e. if variations of the molecular tilt angle were 
considered. 
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7.2. Projiles with applied voltage 
The behaviour of AFLC cells under an external electric 

field is quite different from that shown by ferroelectric 
cells. In a bistable ferroelectric cell with no applied field, 
the two stable director profiles (UP and DN) are mainly 
determined by the surface energy and the elastic bulk 
energy. If an increasing external voltage opposite to the 
equilibrium state adopted by the cell is applied, the 
director profile moves slightly away from its initial state 
until its configuration becomes unstable; then the cell 
switches. The initial situation in AFLCs is different: 
there are two director profiles, one for even layers and 
the other for odd layers. One of these profiles is UP  and 
the other is DN; therefore, when an external voltage is 
applied, one half of the molecules already possesses an 
electrically favorable state, and only the other half of 
the molecules tries to switch. This leads to another 
difference between ferroelectrics and antiferroelectrics: 
switching in the ferroelectric case has to overcome 
mainly the surface potential barrier, but in the AFLC 
case it has to overcome the repulsion from the already 
switched molecules as well. 

Some distinct intervals in the switching process can 
be easily identified. While the applied voltage is below 
a certain threshold, the combined force of the surface 
energy and the interlayer coupling is enough to keep 
the director profiles unchanged. Beyond this threshold, 
the molecules that lie against the external field start to 
rotate towards the opposite position of the cone, which 

is more stable. However, due to the interlayer coupling, 
the molecules that are already switched tend to deviate 
from their initial position. If the voltage is further 
increased, the electric energy becomes greater than the 
sum of the surface energy and the coupling energy; the 
first half of the molecules complete the switching and 
the second half return to their initial position. 

Figure 5 shows the evolution of a layer originally 
oriented in the external field with increasing external 
voltage. The three intervals described above can be seen. 
Figure 6 shows the complete group of solutions for three 
different voltages. 

7.3. The efect of the coupling constant K,: 
stability of the solutions 

The sign of K ,  determines whether the material is 
ferroelectric or antiferroelectric. It is possible to solve 
the system using either type of initial solution, and then 
compute the total energy in both cases. The variation of 
the total system energy is shown in figure 7 as a function 
of K,. There is an intermediate region in which IK,l is 
too low to affect the total energy. Therefore, there is no 
significant difference between the phases. Above a certain 
\Kp\  threshold, on the contrary, one of the configurations 
is far more stable than the other. 

Using the positive semi-axis of K,, the profile vari- 
ations with increasing K ,  can be studied. If K, is very 
high, then ql and pz should be opposite in every point 
of the cell; if K ,  is very low, then pl and pz are mostly 

Figure 19. Evolution of one of the AFLC azimuthal angle profiles as the elastic constant A increases. 
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uncorrelated. Figure 8 illustrates the progressive flat- 
tening of the first azimuthal angle as K ,  increases. 
Figure 9 shows several complete solutions for relevant 
K ,  values. 

7.4. Relutioriship between K ,  and the configuration 
stability under applied $eld 

An applied field may induce a phase from antiferro- 
electric to ferroelectric. The voltage needed for this 
transition heavily depends on the coupling constant K,. 
Figure 10 shows the total system energy for three differ- 
ent configurations (ferroelectric UP, ferroelectric DN 
and antiferroelectric) as a function of voltage for a given 
K,. There are two voltage thresholds, one for each 
transition (antiferroelectric to UP and antiferroelectric 
to DN). Because of the system's symmetry, only one 
needs to be analyzed. Let us focus on the transition 
from antiferroelectric to ferroelectric UP. 

Figure 11 represents the total system energy as a 
function of K ,  and of the applied voltage for an antiferro- 
electric configuration. Figure 12 is the corresponding 
graph for a ferroelectric U P  configuration. The projec- 
tion of the intersection of both surfaces defines the phase 
diagram of the system, and is shown in figure 13. Note 
that 0.025 V voltage steps have been used for this calcula- 
tion. Low K ,  values (< lo7 N m3 C -  *) lead to exceedingly 
low transition voltages, below the calculation resolution. 

Above this value, the ferroelectric and antiferroelectric 
areas are neatly separated. 

7.5. Spontaneous polarizutiow tlariutions 
The AFLC internal voltage distribution, as men- 

tioned above, is rather different from that for the 
ferroelectric state. Its evolution with spontaneous polar- 
ization is also different. The zero-voltage ferroelectric 
internal voltage distribution has a point symmetry, and 
retains its initial shape as the spontaneous polarization 
increases. The maximum internal voltage grows steadily 
with the spontaneous polarization. This behaviour is 
depicted in figure 14. In an AFLC, neither the max- 
imum internal voltage grows nor is the initial shape 
relained. The initial M-shaped internal voltage starts 
growing with polarization (figure 15). Above a certain 
value, however, it starts decreasing and the central dip 
changes sign (figure 16). 

The spontaneous polarization affccts most of the 
AFLC parameters, not only the internal voltage distribu- 
tion. Figure 17 contains the complete group of solutions 
for some key values of the spontaneous polarization. 

7.6. Combined effect of elastic constunt -4 trtzrl 
cotnpressiori modulu.5 L 

In the previous paragraphs, several aspects of the 
system that are different in ferroelectrics and antiferro- 
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electrics have been analyzed. There are many similar 
behaviours too, e.g. the role of the elastic constant A. 
This constant is related to the layer deformation energy 
and to the compression modulus. The effect of this 
modulus has been studied for ferroelectrics [lo]. The 
compression modulus induces the layer angle to 
approach to 6,. If A is negligible, the layer angle shape 
is a double step. The elastic constant A tries to minimize 
the variation of the layer angle; therefore, the layer angle 
shape for a high A is a straight line between the fixed 
boundary values. The intermediate stable layer angle 
distributions for different A values are depicted in 
figure 18, where L is lO4JmV3. These layer angle vari- 
ations are transmitted to the azimuthal angle distribu- 
tions through the elastic constant C, as shown in 
figure 19. Figure 20 shows some complete groups of 
solutions for different A values. 
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